A practical model of twin-beam experiments for sub-shot-noise absorption
  measurements by Mueller, Jason D. et al.
A practical model of twin-beam experiments for sub-shot-noise absorption measurements
Jason D. Mueller,∗ Nigam Samantaray, and Jonathan C. F. Matthews†
Quantum Engineering Technology Labs, H. H. Wills Physics Laboratory and Department
of Electrical and Electronic Engineering, University of Bristol, BS8 1FD, United Kingdom
(Dated: June 16, 2020)
Quantum-intensity-correlated twin beams of light can be used to measure absorption with precision beyond
the classical shot-noise limit. The degree to which this can be achieved with a given estimator is defined by the
quality of the twin-beam intensity correlations, which is quantified by the noise reduction factor. We derive an
analytical model of twin-beam experiments, incorporating experimental parameters such as the relative detection
efficiency of the beams, uncorrelated optical noise, and uncorrelated detector noise. We show that for twin
beams without excessive noise, measured correlations can be improved by increasing the detection efficiency of
each beam, notwithstanding this may unbalance detection efficiency. However, for beams with excess intensity
or other experimental noise, one should balance detection efficiency, even at the cost of reducing detection
efficiency – we specifically define these noise conditions and verify our results with statistical simulation. This
has application in design and optimization of absorption spectroscopy and imaging experiments.
I. INTRODUCTION
Optical shot-noise is present in all classical imaging and
spectroscopy applications using light, and can limit the mea-
surement precision of a parameter once all other technical
noise sources have been accounted for [1–6]. Using quantum-
intensity-correlated light beams (i.e. twin beams) [7–11]
is one method to surpass this classical limit and obtain
greater absorption-measurement precision for a given opti-
cal power [12]. Experiments demonstrating this concept have
been performed at near-infrared wavelengths using approxi-
mately wavelength-degenerate twin beams from downconver-
sion [9–11, 13–15]. Monochromatically-pumped Four-Wave
Mixing (FWM) generates energy-conserving twin beams that
are of non-degenerate wavelengths that straddle the pump
wavelength. This is useful for imaging and spectroscopy ap-
plications because FWM can be implemented with a range
of materials and pump wavelengths, providing access to a
range of twin-beam wavelengths above and below the near-
infrared [16–21]. However, measurement of highly non-
degenerate correlated beams can result in unbalanced detec-
tion efficiency, with uncorrelated optical and detector noise
present regardless of wavelength degeneracy.
Previous work on measuring quantum intensity correla-
tions from wavelength-degenerate spontaneous downconver-
sion sources have approximated that (1) because the wave-
lengths are degenerate, so is the loss and detection efficiency
of both beams, and (2) there is negligible excess optical or
detector noise [9, 10, 14, 22, 23]. Under these assumptions,
measured intensity correlations scale with channel efficiency
as 1− η , and can always be improved by reducing loss or
improving detector efficiency. Here, we show that if either as-
sumption is not true, the scaling of measured intensity corre-
lations depends on the relative twin-beam detection efficiency
and properties of the excess noise, and correlations may be
improved by reducing the efficiency of one detection channel
or unbalancing detection.
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In this paper, we present a general analytical framework for
twin beam experiments characterized by intensity-difference
measurements, extending previous work based on detector
calibration [24] and high-power twin beams [25]. Our model
outputs the Noise-Reduction Factor (NRF), a quantifier of
twin-beam correlations [9–11, 24–26], with unbalanced detec-
tion loss, uncorrelated optical noise, and uncorrelated detector
noise as variables. It is agnostic to the sources of the uncorre-
lated noise and only requires basic experimental characteriza-
tion of their mean intensity and variance. We evidence that to
improve the quality of measure twin-beam correlations, one
should either maximize detection efficiency of both beams,
or balance detection efficiency, depending on the properties
of the experimental noise. We then confirm our model with
statistical simulations, and give a specific real-world example
modeling a FWM experiment.
II. ANALYTIC MODEL OF TWIN-BEAM INTENSITY
CORRELATIONS INCLUDING OPTICAL AND DETECTOR
NOISE
The Fano factor [27, 28] quantifies the intensity noise of a
single optical beam, labeled i, according to
Fi =
Var [Ni]
E [Ni]
, (1)
where Ni is the random variable associated with the beam’s
photon number (i.e. intensity), characterized by variance
Var [Ni] and mean value E [Ni]. Classically-accessible super-
Poissonian intensity fluctuations correspond to Fi > 1, while
Poisson-distributed statistics, which can be achieved by mea-
suring the intensity of a coherent state, correspond to the clas-
sical limit of Fi = 1. Individual beams exhibiting 0 ≤ Fi < 1
are uniquely non-classical and classified as sub-Poissonian.
The Fano factor can be an important quantifier when
searching for optical beams for parameter estimation, as the
intensity noise of a probe beam maps onto the uncertainty of
estimating a physical parameter, such as absorption [13]. A
beam with F < 1 is a resource for measuring absorption with
precision beyond the classical limit. It is also possible to use
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2a beam with F ≥ 1 for measuring parameters with precision
beyond the classical limit, provided the beam is sufficiently
well-correlated to another beam that can be measured [9, 10].
To quantify the mutual noise characteristics of two beams,
we use the NRF, given as [9–11, 24–26]
σ =
Var [N1−N2]
E [N1+N2]
. (2)
Note that some authors use a modified form of the NRF, where
N2 → (E [N1]/E [N2])N2 to account for detection-efficiency
mismatch [11, 25]. Our analysis assumes the form in Eq. 2,
and may be straightforwardly modified to accommodate this
alternate NRF definition.
Values of σ ≥ 1 correspond to separable classical beams,
with σ = 1 representing the classical limit of two Poisson-
distributed beams. Values of 0 ≤ σ < 1 correspond to non-
classical twin-beam intensity correlations. However, this
alone is insufficient to achieve parameter estimation with pre-
cision better than what can be achieved with a single pass of
a single beam with F = 1, defined as the classical Shot-Noise
Limit (SNL) [9–11]. Sub-SNL parameter estimation is also
linked to choice of estimator (see Appendix A).
We describe two correlated twin beams i= 1,2 with inten-
sity mean and variance
E [Ni] = ηiE [N] (3)
Var [Ni] = E [Ni]+βE [Ni]2 , (4)
where N is the lossless photon number, equal among both
beams due to the energy-conserving nature of twin-beam pro-
duction. The parameter 0 ≤ ηi ≤ 1 is the total efficiency of
each beam’s optical path (i.e. channel efficiency), comprising
loss from all optical components and detection efficiency. The
parameter β ≥ 0 is used to account for super-Poissonian in-
tensity fluctuations of the individual beams of the twin-beam
system [29–32], and is equivalent to the second-order inten-
sity correlation function g(2)(0)−1 [32].
We may write the lossy twin-beam variance in terms of the
lossless photon number Fano factor F using βE [N] = F−1:
Var [Ni] = ηiE [N]+η2i (F−1)E [N] . (5)
Using Eqs. 5 and 3 in Eq. 2 yields
σ = 1− 2η1η2
η1+η2︸ ︷︷ ︸
σp
+
(η1−η2)2(F−1)
η1+η2︸ ︷︷ ︸
σsp
, (6)
where we use the covariance Cov [N1,N2] = η1η2(E [N] +
βE [N]2) [29–31, 33]. The first two terms of Eq. 6 (σp) corre-
spond to correlated coherent-state intensity fluctuations. The
final term (σsp) is the contribution to the NRF associated with
super-Poissonian intensity fluctuations. Importantly, σsp has
a dependence on the channel-efficiency mismatch and Fano
factor; the minimum NRF is therefore achieved when
η2 =
{
1, 1≤ F ≤ F ′
η1
(√
4+ 2F−1 −1
)
, F > F ′,
(7)
where F ′ = (η21 − 2η1− 1)/(3η21 − 2η1− 1). If F is small,
then increasing channel efficiency improves measured twin-
beam correlations; if F is large, then channel efficiency should
approach balanced detection (η2→ η1) to improve measured
correlations, as shown in Fig. 1.
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FIG. 1. The NRF from Eq. 6 scaling with relative channel efficiency
(given η1 = 0.7) is shown for values of F from 1 to 10. The mini-
mum NRF is indicated by the dashed line, according to Eq. 7. The
solid line indicates perfectly balanced detection, η2 = η1, to show
the convergence of the minimum NRF for large F .
We now demonstrate the detrimental effects of uncorrelated
noise photons and uncorrelated detector noise on the mea-
sured NRF. Uncorrelated optical noise may come from res-
onant and non-resonant optical processes within the material
used for twin-beam generation, such as fluorescence or broad-
band Raman scattering caused by the pump beam. Optical
noise can also be associated with scattered or ambient light.
Detector noise may be associated with photodiode dark cur-
rent or CCD dark counts. The following derived model is
general enough to account for all of these sources of noise.
For simplicity, we include optical noise Nρ on only one de-
tection channel as N2 → N2 +Nρ , and the procedure may be
similarly adapted to accommodate independent noise on N1 as
well (see Appendix B).
We define the optical noise to have the following realis-
tic properties: (1) the efficiency for detecting the correlated-
signal and uncorrelated-noise photons on channel 2 is as-
sumed to be the same: ηρ = η2; (2) the mean noise in-
tensity is some fraction ρ ≥ 0 of the mean signal intensity:
E
[
Nρ
]
= η2ρE [N]; (3) the Fano factor of the optical noise Fρ
before channel loss can be written as Fρ −1 = ρ(F−1)≥ 0,
according to Eq. 4; and (4) the optical noise photons are
generated via a process distinct from the signal photons:
Cov
[
N1,Nρ
]
= Cov
[
N2,Nρ
]
= 0. Similar to Eq. 5, we have
Var
[
Nρ
]
= η2ρE [N]+η22ρ(Fρ −1)E [N] . (8)
When considering detector noise, we assume it to be the
same for both channels, N{1,2} → N{1,2}+Nd (see Appendix
B for unbalanced detector noise). Let the mean dark counts
3of each detector E [Nd ] be some fraction d of the optical signal
E [N], independent of η1 and η2, with corresponding Fano fac-
tor Fd . Although detector noise cannot be explicitly derived
from the optical signal, characterizing experimental parame-
ters allows one to draw this equivalence. The variance of the
detector noise may be written as
Var [Nd ] = dE [N]+d(Fd−1)E [N] . (9)
We note the covariance for each detector with each other and
the optical signals is zero, because they are uncorrelated.
Finally, we can write the NRF for individually super-
Poissonian twin beams, accounting for uncorrelated, super-
Poissonian optical and detector noise, combining the results
of Eqs. 8 and 9 in Eq. 2: σ = σp+σsp+σρ +σd , with
σp = 1− 2η1η2η1+(1+ρ)η2+2d (10a)
σsp =
(η1−η2)2(F−1)
η1+(1+ρ)η2+2d
(10b)
σρ =
η22ρ(Fρ −1)
η1+(1+ρ)η2+2d
(10c)
σd =
2d(Fd−1)
η1+(1+ρ)η2+2d
, (10d)
where σρ and σd are the optical and detector noise contribu-
tions to the NRF, respectively.
Similar to before, we can now calculate the relative channel
efficiency required to obtain the minimum NRF. Assuming
detector noise is much less than optical noise, d ρ , as may
be the case for bright optical signals or low-noise detection,
this minimum is achieved when
η2 =
{
1, 1≤ F ≤ F ′′
η1
1+ρ
(√
2+ 2(2ρF+F−ρ)
(F−1)(1+ρ2) −1
)
, F > F ′′,
(11)
where F ′′ = 1−2η21/[η21 (ρ+3)−(2η1+ρ+1)(1+ρ2)]. As
optical noise increases in Eq. 11, η2 → 0, and σ → F . This
result highlights the importance of reducing optical noise on
the twin beams to minimize the NRF.
For specific values characterizing the optical signal and op-
tical and detector noise, we can compare, as in Fig. 2, the
behavior of the NRF as relative channel efficiency is var-
ied, from the ideal Poissonian twin-beam case to the full
model including uncorrelated optical and detector noise (see
Eqs. 10a–10d). In the ideal case, one always measures sub-
Poissonian correlations when including a quantum-correlated
twin beam. Using realistic values for the experimental pa-
rameters of Eqs. 10a–10d, as shown in Fig. 2, however, the
minimum-attainable NRF increases, and sub-Poissonian twin-
beam correlations may not be measurable despite the under-
pinning non-classical correlations between the beams.
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FIG. 2. The NRF scaling with relative channel efficiency (η1 = 0.75)
is shown for realistic experimental parameters. 1: Poissonian twin
beams (F = 1); 2: super-Poissonian twin beams (F = 4); 3: super-
Poissonian twin beams with uncorrelated super-Poissonian optical
noise (ρ = 0.45 and Fρ = 1.2); 4: super-Poissonian twin beams with
uncorrelated super-Poissonian optical and detector noise (d = 0.01
and Fd = 3). Correspondingly-colored points represent statistical
simulation results, showing close agreement with theory (details in
Appendix C). Note in plot 4, σ equals Fano and detector noise for
η2 = 0 (see Eqs. 10a–10d), and is therefore greater than one.
III. NOISE-REDUCTION FACTOR RESULTS APPLIED TO
AN EXAMPLE EXPERIMENTAL SCENARIO
We now derive an example scenario for a proposed twin
beam experiment based on stimulated FWM to illustrate the
effects of noise at various optical powers and how experimen-
tal parameters may be optimized. We make the following
three assumptions: (1) twin-beam power increases exponen-
tially with pump power p as E [N] ∝ peλ p, for some constant
λ > 0; (2) optical noise power increases linearly with pump
power as E
[
Nρ
]
∝ p; and (3) mean detector noise increases
linearly with e.g. integration time or size, or temperature w,
and has some constant readout noise, but is independent of p:
E [Nd ] ∝ w+λ , for some other constant λ > 0.
Assumption (1) is true if, for example, twin beams are
generated via FWM in the exponential-gain regime [34].
Assumption (2) may represent optical noise sources such
as Raman scattering at wavelengths far from the pump,
where the phonon density of states is low [35, 36].
Assumption (3) represents thermal detector noise (lin-
ear contribution in w) and constant readout noise,
typical for photodiode [37] and CCD [38] detectors.
Thus, we may write the terms of Eqs. 10a–10d as
F(p) = 1+λ1peλ2p (12a) Fρ(p) = 1+λ3p (12b)
Fd(w) = 1+λ4+λ5w (12c) ρ(p) = λ6e−λ7p (12d)
d(p,w) = (λ8w+λ9)p−1e−λ10p, (12e)
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FIG. 3. The NRF plotted against pump power for varying exper-
imental parameters, with contour plots projected beneath: (a) in-
creasing detector noise parameter λ8, (b) increasing optical noise
parameter λ6, and (c) varying relative channel efficiency η2 − η1
(see Eqs. 12a–12e). The default parameters for this simulation
are Λ= {0.00005,0.01,0.01,0.5,0.1,1,0.005,1.001,0,0.005}, with
η1 = 0.75 and η2 = 0.7. Dashed lines represent the σ = 1 contour,
and the scale bar is fixed for all plots.
where Λ = {λ1, . . . ,λ10 > 0} are fit parameters of the pro-
posed experiment’s model. Eqs. 12a–12c are found by direct
substitution of assumptions (1)–(3) into Eq. 4, with β > 0;
Eqs. 12d and 12e by substitution into the definitions of ρ and
d. Although detector noise is fundamentally independent of
pump power, their relative intensities can still be compared
using this substitution, as in Eq. 12e. The NRF is plotted in
Fig. 3 as a function of pump power, using Eqs. 10a–10d and
12a–12e, to show how various noise sources impact measured
correlations.
In Fig. 3 (a), detector noise is dominant at lower optical
power, as the signal-to-noise ratio is low in this regime; in-
deed, as p→ 0, then σ → Fd , as expected. Increasing uncor-
related optical noise in Fig. 3 (b) has a more significant effect
at low and intermediate pump powers, highlighting the impor-
tance of filtering optical noise.
As the signal-to-noise ratio increases in Fig. 3 (c) at higher
pump powers due to the different scalings of E [N], E
[
Nρ
]
,
and E [Nd ], balancing channel efficiency becomes the critical
task. This is because the Fano factor of our considered ex-
ample scales exponentially in pump power, so σsp diverges
quickly when η1 6= η2, as seen in Fig. 1. Indeed, η2 = 0.8
outperforms η2 = 1 in Fig. 3 (c), despite being lower chan-
nel efficiency. High-power intensity-correlation experiments
should therefore implement classical noise suppression to re-
duce F [39], or appropriately balance channel efficiency, to
measure sub-Poissonian correlations.
IV. CONCLUSIONS AND OUTLOOK
We have derived a novel model of twin-beam intensity cor-
relations which accounts for experimental limitations such as
uncorrelated optical and detector noise and unbalanced detec-
tion efficiency. From this model, we find that for beams with
excess noise below a well-defined threshold, measured cor-
relations can be improved by maximizing the detection effi-
ciency of both beams. However, for beams with intensity or
experimental noise beyond this threshold, one should appro-
priately balance detection efficiency, even at the cost of reduc-
ing channel efficiency.
We have also demonstrated the utility of this model for
an example FWM experimental scenario. While we have
only considered this specific example, the model and the
techniques used to derive it apply to many similar experi-
ments, from wavelength-degenerate downconversion exper-
iments dominated by detector noise, to non-wavelength-
degenerate FWM experiments dominated by optical noise [9,
11–15, 25, 26].
Higher-power measurements find more application than in-
tensities associated with squeezed vacuum and photon count-
ing experiments. We therefore believe this model will find use
as optical quantum metrology targets practical applications at
microwatts to milliwatts of optical power and exotic wave-
lengths beyond the near-infrared, using high-gain twin-beam
experiments to enhance measurement precision.
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APPENDIX A: COMPARISON OF TWIN-BEAM
ABSORPTION ESTIMATORS
Estimators are mathematical formulas applied to finite data
sets for determining physical parameters of a system. One
such parameter used to characterize e.g. biological samples is
spectral absorption α(λ ). Typically, for a given wavelength
λ , measuring sample absorption involves comparing the in-
tensity of a light source with and without a sample in its path:
αc = 1− n
′
1
E [n1]
, (12)
where 0 ≤ αc ≤ 1 is the direct classical absorption estimator,
n1 is the probe beam intensity for each measurement trial, and
the prime denotes beam intensity after a lossy interaction with
the sample. For the remainder of these discussions, α without
a subscript refers to the population estimate (unbiased esti-
mate based on an infinitely-large data set), and with refers to
sample estimates (realistic finite-sized data sets).
The precision of this absorption measurement is limited by
the Poissonian quantum nature of light, the SNL, as
Var [αc] =
(1−α)
E [n1]
. (13)
A first example of a twin-beam absorption estimator for
quantum parameter estimation was presented in Ref. 12 and
further explored by Ref. 11:
αl = 1− γ n
′
1
n′2
, (14)
where n2 is the reference beam intensity, and γ = E [n2]/E [n1]
accounts for unbalanced channel efficiency. Primes in this
case denote the measurement stage in general, and the sam-
ple is only placed in the path of the probe beam n1.
In the case of balanced channel efficiency (γ = 1) and no
optical or detector noise, one may write
Var [αl ] = Var [αu]+2
(1−α)2
E [n1]
σ∗, (15)
where Var [αu] = αVar [αc] is the ultimate quantum limit of
an absorption measurement, associated with binomial mea-
surement statistics, attainable with e.g. Fock states or when
σ = 0 [11, 13], and σ∗ = 1−η is the noiseless, balanced-
detection NRF. To compare this twin-beam estimator to the
classical direct case, we use their relative estimator efficiency
Γi =
MSE [αi]
MSE [αc]
(16a)
=
Var [αi]+ (E [αi]−α)2
Var [αc]
, (16b)
for some estimator i, where MSE [αi] is the mean squared
error, which equals Var [αi] in the case of unbiased param-
eter estimation (as implicitly assumed in Refs. 9 and 11).
When 0 ≤ Γi < 1, the estimator efficiency is sub-SNL. This
regime is exclusive to quantum-correlated twin beams, simi-
lar to 0≤ σ < 1.
Comparing Eqs. 13 and 15 yields
Γl = α+2(1−α)σ∗. (17)
One finds Γl > 1 for all σ∗ > 0.5. Thus, even though beams
may display sub-Poissonian intensity correlations, one cannot
always perform sub-SNL absorption measurements with this
estimator. One can gain insight into this counter-intuitive re-
sult by considering how αc is an even less suitable estimator
for the twin-beam case, as Γc = 1 for all values of σ .
Ref. 9 presents another twin-beam absorption estimator:
αm = 1− n
′
1− kδn′2+δE
E [n1]
, (18)
where δn′2 = n
′
2−E [n′2], k is a weight factor used to maxi-
mize the estimator’s precision, and δE = E [kδn′2] is a correc-
tion factor used to ensure that the estimator is unbiased (i.e.
E [αm] = α). Contrary to Refs. 9 and 11, αm is indeed bi-
ased in the presence of classical intensity fluctuations, as we
demonstrate at the end of this section. We also correct the
estimator to be unbiased.
One may perform a similar analysis as the previous estima-
tor, now with [11]
Var [αm] = Var [αu]+2
(1−α)2
E
[
n′1
] σ∗(1− σ∗
2
), (19)
in the noiseless, balanced-detection case with optimized k [9]:
koptm =
Cov [n′1,n
′
2]
Var
[
n′2
] . (20)
Comparing this to the classical direct measurement with γ = 1,
Γm = α+2(1−α)σ∗(1− σ
∗
2
). (21)
We now find sub-SNL Γm for all σ∗ < 1, and Γm < Γl for all
σ∗ > 0 and α < 1. The performance of αm and αl is com-
pared graphically in Fig. 4. We see in this figure that αm is
a superior estimator to αl when appropriately calibrated. In
the case discussed here, one achieves sub-SNL measurement
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FIG. 4. Comparing relative SNL performance metrics (a) Γl and (b) Γm in the case of balanced channel efficiency and no optical or detector
noise. The green plane Γu = α is the ultimate quantum limit, and the blue line is the σ∗ = 0.5 contour.
statistics for any values of η{1,2} > 0 using αm, relaxing the
requirement that η{1,2} > 0.5 when using αl , stated in Ref. 12.
Although we do not derive it here, we expect from our dis-
cussions of the NRF in the main text that super-Poissonian
intensity noise with unbalanced channel efficiency and other
uncorrelated noise sources further reduce the efficacy of αl
and αm for achieving sub-SNL measurement statistics.
We will also show that twin-beam estimators are not only
more precise than the direct classical absorption estimator, but
also more accurate in general.
For stationary processes (processes whose mean and vari-
ance do not change with time), αc is indeed unbiased, as
E [n′1] = (1− α)E [n1], and E [αc] = α . For non-stationary
processes, however, the probe and reference beam powers are
changed by an amount ε ≥−1:
E
[
n′1
]
= (1−α)(1+ ε)E [n1] (22)
E
[
n′2
]
= (1+ ε)E [n2] . (23)
This may occur experimentally if the probe beam power is
changed between the calibration and measurement phases.
Because αc does not have access to the reference beam, sub-
stitution of Eq. 22 into Eq. 12 yields
E [αc] = 1− (1−α)(1+ ε), (24)
which is biased without knowledge of ε . Simply, the direct
classical absorption estimator cannot distinguish probe beam
intensity fluctuations from sample absorption.
Considering now the twin-beam estimator αl , we may sub-
stitute Eqs. 22 and 23, yielding
E [αl ] = 1− γE
[
n′1
n′2
]
(25a)
≈ 1− E [n2]
E [n1]
E [n′1]
E
[
n′2
] (25b)
= α, (25c)
where the approximation in line two is valid for large n [12,
40]. This estimator is therefore unbiased in the large-photon-
flux limit, which is the regime where intensity-correlated mea-
surements are most practical.
Finally, we consider the absorption estimator αm, which we
previously showed to obtain the greatest measurement preci-
sion of the three discussed estimators. The form of this esti-
mator, as originally presented in Ref. 9 and discussed further
in Ref. 11, is biased, obtaining the same functional form for
E [αm] as Eq. 24:
E [αm]≈ 1− E [n
′
1]−E [kδn′2]+δE
E [n1]
(26a)
= 1− E [n
′
1]
E [n1]
(26b)
= 1− (1−α)(1+ ε). (26c)
This is because αm is derived from αc, which implicitly re-
quires a stationary twin-beam intensity to be unbiased. We
present here an new, unbiased form of αm, denoted αlm, using
αl as the starting point:
αlm = 1− γ n
′
1− kδn′2+δE
n′2
. (27)
This estimator is unbiased for optimized k, as E [αlm] =
E [αl ] = α .
The k which maximizes the precision of αlm is found by
minimizing Var [(n′1− kδn′2)/n′2]. This variance may be ap-
proximated according to Ref. 40, yielding
koptlm ≈ koptm −
E [n′1]
E
[
n′2
] . (28)
7APPENDIX B: NOISE-REDUCTION FACTORWITH
UNCORRELATED NOISE ON BOTH DETECTION
CHANNELS
We derived the NRF Eqs. 10a–10d for the case of optical
noise on only one detection channel and balanced detector
noise on both channels, for simplicity. These equations may
be generalized to include uncorrelated optical and detection
noise on each channel following the same procedure outlined
in the main text, with the following result:
σp = 1− 2η1η2
(1+ρ1)η1+(1+ρ2)η2+d1+d2
(29a)
σsp =
(η1−η2)2(F−1)
(1+ρ1)η1+(1+ρ2)η2+d1+d2
(29b)
σρ =
η21ρ1(Fρ1 −1)+η22ρ2(Fρ2 −1)
(1+ρ1)η1+(1+ρ2)η2+d1+d2
(29c)
σd =
d1(Fd1 −1)+d2(Fd2 −1)
(1+ρ1)η1+(1+ρ2)η2+d1+d2
, (29d)
where N{1,2}→ N{1,2}+Nρ{1,2}+Nd{1,2} . Setting ρ1 = 0, d1 =
d2, and Fd1 = Fd2 yields the derived Eqs. 10a–10d.
APPENDIX C: DETAILS OF NOISE-REDUCTION FACTOR
SIMULATION FOR EXPERIMENTAL MODEL
The simulations shown in Fig. 2 were performed according
to the following procedure.
We first define the mean and variance the distributions N,
Nρ , and Nd from which the signal counts and optical and de-
tector noise counts are sampled. These distributions are Gaus-
sian for large mean values, where the degree to which they
are super-Poissonian can be set by the relative values of their
means and variances. We also define the number of trials t
for the data to be averaged over, as well as channel detection
efficiency η1.
For each count source (twin beams, optical noise, and de-
tector noise), an integer list of length t is generated, with each
element sampled from its corresponding distribution. This
represents the number of pre-loss photons or detector dark
counts, for each measurement trial.
A loop is performed over η2 from 0 to 1. Within this loop,
a loop over t is performed, where for each trial and each count
source, a list of pseudo-random numbers between 0 to 1, in-
clusive, is generated whose length is given according to the
the specified element from the previous step. To determine if
the photon is detected as a count, these pseudo-random num-
bers are compared to the correspondingly defined channel ef-
ficiency, and replaced with a one if the pseudo-random num-
ber is less than η{1,2}, zero otherwise (detector noise counts,
independent of detector efficiency, do not undergo this com-
parison). The list is then summed and stored as the number of
detected counts for that trial. In this way, we can simulate the
random loss associated with the photon-count sources.
Finally, the signal and noise counts are summed for each
channel, the NRF is calculated for the specified η2, and η2 is
incremented.
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